NOTICE;  WHEN  GOVERNMENT  OR  OTHER  ORAWINQS,  8PECIF1CATI0I18  OR  OTHER  DATA 
XKE~USBD  FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECTION  WITH  A  DSFINTTELY  RELATED 
GOVERNMENT  PROCUREMENT  OPERATKHI,  THE  U.  S.  QOVERNllENT  THEREBY  INCURS 
NO  RESPQNSmiLrrY,  NOR  ANY  OBUGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  B  NOT  TO  BE  REGARDED  BY 
^IMPLICATION  OR  OTHERWISE  AS  Of  ANY  MANNER  XJCENSINO  THE  HOLDER  OR  ANY  OTHER 
fERSON  OR  Cf)RPOitATl<»f,  OR  CCHIVEYING  ANY  RIGHrS  OR  PERMISSION  TO  MANUFACTURE. 

OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  THERETO 
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PM®  Bottndapy  RroMeaa  for  Parabolic  B^watlona 

Av»er  Prled«a» 


u  Pr®®  boundary  probloiua  for  the  hoat  o^uabion  baTo 


'UOiiwihriiir. 


top  mm  it  oomwf  (top  p&toromoM  priop  to 
s«9  Brlllottin  tlJ).  la  a  f*w  aMOial  cases  am  selablem 
beea  focoid  oxpllolblyi.  bub  esistonoo  a»oroaai  for  general 
oMoa  atarfeid  esaeabla^ir  about  tea  yoara  ago*  Tfb®  wall  lawwa 
oaa»dlaeftfiooti  Stefan  ^blo»  oonoeimlng  tbe  raeltlng  of  ice 
idiien  boated  at  «te»  booadaa^  »ltb  a  oortaln  preacrlbod  to^raturo 
mui  conaidered  by  Bubiasfealn  tssj  1881  ISdJ  t88l  tsdj  tS73  wd 
Doeea  £2J  IS3  Idl  tSJ  (see  also  BatseUf  (Sj).  fhey  used  different 
MStbods  idioae  basio  features  can  be  found  la  their  papers 


beating  at  the  boundary 
was  considered  by 
Gallie  t7j|  Seitlnl 

,  m  the 


Aaolber  Stefan,  prebd:*®  whore 
is  firen  to  tones  of  toe  .flew  of 
isee  itoio  tiol)*  d*  Douglss 
,  ttopaator  (803*  d» 


future  ttoia)  was  oeaii^otolf  aoltto*  'ra^udless  too'toer  boto  ic* 
and  watar  or  Juat  toe  ^i^one'  are-  preaent  at  toe  beginning*. 

papera  of  Baoaw  m  too  St^an  protdt«s  aro  of  bewlstto 
(.  lotualXy  ha  did  net  idLwa  any  preclaa  proof  to  his  asasr" 
about  wdstanoe  tos  did  not  prove  at  fdl  uniquonesa)*  it 
a  proof  toonld  ba  quite  isvolved*  (hi 


•m2** 

©3!:o6|)t  for  a  few  Ixiomnplate  details  Rubiiisteln  l22]  proved 
ejcletenoe  and  uniqijieness,  but  only  for  sraall  Intervals  of  timet 
[g$J  he  stated  that  he  can  prove  existence  and  uniqueness 
ror  any  Interval  of  time  with  the  aid  of  certain  lesms  on 
eupe3?paraholio  functionst 

A  meliiod  to  solve  free  boundary  problems  was  developed 
systematically  by  Kolodner  flQj*  Tliis  method  was  applied  by 
Mlrsnker  [20|  to  solve  a  Stefan  problem  mentioned  above*  it  was 
marlier  applied  by  Keller^  Kolodner  and  Ritger  I14  j ,  Kolodner 
flS}  116J  and  Kolodner  and  Ritger  [17]  to  study  the  probleids  of 
#vapc^ation  and  eondensatlon  of  liquid  drops* 

In  this  paper  we  refine  the  me^od  of  Rubinstein  122}  and 
apply  it  to  solve  Stefan  probleiis  for  aH  future  times  and  the 
problems  of  evaporation  and  condensation  of  drops  for  small 
intervals  of  time* 

In  Rart  I  we  are  essentlslly  eonoerned  wildi  the  Stefan 
pm%%m  idaen  the  heating  at  the  bcumdiry  la  given  In  terms  of 
the  iNa^ejmiture  and  water  is  present  already  at  the  be^zming* 
3^  4 1  we  fozmuiate  l^s  main  result*  In  §  ^  ve  reduce  the 
prtgliial  problem  to  the  problem  of  f  inding  a  imique  solution  of 
m  certain  nonllnsar  integral  equation*  In  proving  this  reduo-^ 

4 

^on  we  use  an  auxiliary  lemma  proved  in  $  2*  In  ^4  we  prove 
liuat  ^  ioe«water  line  is  an  inoreasii^  function  in  time*  In 
f  5  we  prove  tdie  existmtiee  and  zaniqtieness  of  the  solution  of  tUe 
antefrai  equation*  Our  mei^d  Is  a  modification  of  the  method 
of  sueoessive  appa?oxlmations  (both  on  v(t)  and  s(t))  used  by 
Bmhinstein  fS2j  az^  is  much  im>re  suitable  for  the  purpose  of 


. . 


-3^ 

eoiitinmfcien  of  Itht  solution  into  the  future  „  In  ^6  we  prove 

eximtenee  ami  uniqueness  for  all  future  times.  The  decisive  step 

is  an  a  priori  estimate  on  the  x^-derivativo  of  the  solution 
*.  * 

u(x,t5  defined  for  the  hound  being  independent  of  t.  In 

I  7  we  mention  that  all  the  previous  results  hold  for  general 

parabolic  equations  with  sissooth  coefficients.  We  conclude  this 

section  with  a  few  open  questions. 

In  Fart  II  we  consider  the  problems  of  evaporation  and 

oondensation  of  liquid  drops.  In  ^  1  we  state  the  main  results 

which  we  proceed  to  describe ,  If  the  initial  vapor  density  on  the 

eurfaca  of  the  drop  is  equal  to  the  saturation  density  then  in 

case  of  condensation  {oi<o)  existence  and  uniqueness  are  asserted 

for  all  future  times  and  In  case  of  condensation  (ot  >o)  only  as 

long  as  the  radius  of  the  drop  is  not  ”too  small”  .  Here  cl  is  a 

certain  physical  quantity  which  is  assumed  to  be  sufficiently 

small  in  absolute  value.  If  there  is  a  jus^  from  the  initial 

* 

vapor  density  on  the  drop  to  the  saturation  density^  then  existence 
Is  asserted  as  above  but  imiqueness  is  asserted  only  under  the 
extra  condition  that  the  dapop  does  not  start  to  grow  ”too  fast”. 

We  finally  state  that  the  radius  a(t)  of  the  drop  in  case  of 
coi^ensation  grows  at  most  like  A  ^  where  A,  B  are 

appropriate  constants, 

the  proof  of  the  above  results  is  given  in  4  §  2^5,  in 
I  0  the  problem  is  reduced  to  solving  a  certain  nonlinear  integral 
equation.  This  equation  differs  from  the  analogous  equation  of 
Fart  X  in  tbs  fact  that  it  contains  terms  which  have  a  singularity 


iaagasTiiai 


like  at  t  «  0,  Th©  main  reason  for  dealing  with  that 

equation  (rather  than  trying  to  eliminate  the  singularities  by 
some  integrations  by  parts)  is  that  we  prove  (in  §3)  existence 
and  uniciueness  in  an  interval  whose  length  depends  on  |u(x,t)| 
and  not  on  lu^(x,t)  I.  iTlie  solution  obtained  however  might  have 
a  singularity  like  at  t  ss  o. 

In  ^  4  we  prove  exiatence  and  uniqueness  for  large  time- 
intervals,  showing  also  that  the  above  raentipned  singularities 
c^f  the  solution  are  removable  (Lemma  2) .  In  ^  5  we  establish 
the  above  mentioned  a  priori  bound  on  s(t)  . 

In  Part  III  we  consider  the  probleBi  of  dissolution  of  gas 
bubble  in  liquid*  This  problem  is  similar  to  the  one  of  Part  li 
with  one  exception;  The  law  of  conservation  of  mass  at  the  free 
boundary  leads  to  an  ordinary  differential  aquation  which  we 
cannot  solve  explicitly.  Thus  we  first  derive  certain  estimates 
on  the  solution  of  this  equation  without  solving  it  explicitly,, 
and  then  we  can  proceed  by  the  method  of  Part  II*  Uie  results 
ai*8  stated  in  fhaorem  3.  The  results  of  Part*  II,  III  can  also 
be  extended  to  general  parabollo  equation  with  smooth  coefficients 


•• 

a.. 


o 


fMt  X?  A  Stef itii 


of  the  Mato  HesuXfe 


tMfi  Fufts  X  wo  almll  essositimXly  t>©  ooiicofiiod  wi^  tfco 
f ©IXowii^  Stiof m  tfp%  ptdblmt 


0  <  X  <  » 


t  >  0 


(l#2)  u(a,t)  «  f  (t),  f  (t)  >  o  t  >  o 

(XfS)  u(x*0)  «  ^ix),  f  (x)  >  0  o<x  <  b|  f  {l>)  o,  I)  >  o 


(Xf4)  »  0|  t  >  0 

(1#@)  a(t>,  V  >  o* 

X  ^  ift)  it  list  fft#  (tm  imtaiico#  tilt  Hist) 

wliitll  i»  m%  teowft  aisd  Istt  to  bt  fooiwl  iKsgot^ti*  wiil^  mfaft)# 
lb#  ooisditiwd  USh  ts?t  tilt  innitX^X^f  givtn  dttt 

Wmmm  Wm  udditiimti  ootdstioa  (1#5)  (tht  tq^ttiosi  of  litat 


iHiiiiiot)  it  t  ootdltioii  on  fbt  fi^t  bounding  x  «  t(t)i  Xht 

f  0  f  ^  0  SNittiXt  fSKtt  fact  that  ttioptM* 
tisM  it 


ft  Mstt  u(Xft)^  tit)  fom  t  aoXution  of 
{i#$)  im  txx  t  <ir  (o  <<r  s  oo )  if 


and  ^  ooiitiiitoiit  tm  o  <  x  <  t  (t)  ^  ifu  atid 


^is/§x  IONS  oonliiaioat  for  o  5  x  5  &it},  %  >  0|  if  n  im  oontimoiia 


for  t  «  o  0  <  z  2  fe  t»d  o  <  lix  Inf  u(X|t)  <  Ito  tup  u(x,  t)  <  to 
ti  x««4b|,  if  tft)  it  oenbimontly  diff trta 

itdf  fiitllXft  if  ibt  ttoatiofit  (X«X)«»(l»5}  art  sttitfitdir 


-»rte^|P5f’4^  -of-^wPISrrv.,..- 


“'x/*— '’"r  ■" 


"I-:, 

»A' 


Ttm  min  result  of  this  Part  I  is  the  followiiig  theorem# 

i*  f  (o  <  t  <  oo  )  mud  ^ix)  (o  <  x  <  h) 


Ml^erentiab  tiona «  Then  there  exists 

jAy  one  solution  s{t)  of  the  system  (l#i)-ll,5) 

^  *  S!S£SISSISI£4  the  fuaotion  x  »  s(t)  is  monotone 

s  t« 


^l^e  proof  of  ^^eorem  X  is  given  in  in  ^2  we  prove 

»  auxili^  lemma  (stronger  thm  a  lemma  stated  and 
txfij  j,  m  lie  prove  that  for  any  possible  solution  s 
monotone  nondeoreasing  in  t*  It  is  also  shotm  that  if  either 
$  0  or  f  it)  $  o  in  scmie  small  Interval  o  <  t  <  t  (e  >  o) 
s(t)  is  a  striotXy  increasing  function  of  t*  In  f4  we 
reduce  original  problem  (l»l)#*(ir5}  to  a  problem  of  solving 
a  certain  nonlinear  integral  equation#  in  this  proof  w  malce  use 
of  tlie  lemma  proved  in  f  2^  in  §5  we  prove  existence  and 
uniqueness  of  solutions  for  the  nonlinear  integral  equation  for  a 
maall  interval  of  tiiae  t*  Finally  in  f  6  (using  the  results  of 
3#*S)  m  pyove  liiat  the  solution  can  be  oontinuedt  and  uniquely 
to  all  future  ^imes#  in  ff  we  give  various  generalisations  of 
1# 
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m  ) 
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P(  T  V 


3f  •*§'  I  'fc  I- 1  ’”'*  ■«  -w.-  __  X  * .  » 

gPiiBff.i,j^i»ii[igiii>Ciiim*  f  f1  L.  St  ^jr  \%  i 


-^,av 


x’^a 


dX 


♦  W  ilxi^  fimt^  pp0t0  tm  mw  S  ^ 


££ 


w  ^ 

t?**S 


t5C|>  {^ 


4,.^:i^\  jfc /gift A !:«» _  n  /o  ^  ^  /O 


'•V  xH»a{t}'-Of  -attd  |0 


5*0 


1»  X  e^aata&t  '^tdaiMtndwt  of  Xgt»  &  «  Za  tba 
tltal.1  dano^a  )$f  i*  ooBataata  indapMOdaiBt  of  x,  t»  f  • 

So  piKfim  (StS)  SHI  BBita  %  *  Xj^  Xg 


r 


*1 

Jk 


(t- 1 } 


flj>  i* 


:l  '£  %, 


a||j^  <  2  V2 


«.J-»t^Sis*'-«“»»  •*'-  •'■  .  •  ^ 


—  *i. 


4" 
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fo  denote 


{8a6) 


Then 


I*--') 


«»P<-  %f^¥f  >  «  • 


<8.7)  Jji-lj* 


41‘feS'X 


“fTESTT 


Ihe  bnmoes  in  the  eioonid  exponent  ns^e  bounded  by 


fll^TS  jt ^ ^ ^ I  (|x*s{t)l4^|3c>*»(t){>  <  Ag(|3t-s {t)|+ls{t)-*»fi;)| 


3inee  m  mt  mmxm  thet  nl^tt  side  of  the  lest  inequality  is 
amUXm  then  1»  m  oonelude  that  the  brackets  on  the  ni^t  side 
of  12*  f  j  ate  botn^d  by 

A^(t50-s{t)|  +  |s{t)*e(T  )l). 

^stituting  in  (0»y)  m  tiM  that 


t 

(3*8)  1  j  S  1 


t 

+  A^|x«8{t)[  I  7^1^  * 

tij 


Thusj  in  ofden  to  eiraluate  it  is  enou#i  to  evaluate 
Substituting  in  ^  integral  oi  {S»6) 


x«s 


2  ss  .l.l..^^li■S>!^■lll^l^l|ll^i||« 

(3K«*s(t)r 


,  we  get 


b 


(S#9)  I  ^daere  - 


■Hwiiiiiir 

(x«s(t)  P 


Henoe#  as  x^-  sit)  ^^oe  and  ^ 


--F/ 


#  4^ 


C<^ining  th^  last  result  with  (2«8}  as^  (2f5)  smd  usixig 
th#  isfinltiuii  I  »  follows  that 


whioh  it  spi^tltut  to  the  ststtaitnt  (2#2)  # 

f l»o«l  tht  ahoira  a^aluation  6^  It  also  follows  that 

(2*11)  t^il  S  h  ^ 


Eairiiig  pr<^ad  {2«3)  wt  prooaad  to  protra  that 


fha  pfoof  of  (Eil$|  follows  imtadiatalf  mitig  tha  itpsohitz 
ooii|ltiail%  of  alt)*  Hwi  pjNsof  of  te»12)  folloim  tha 


uottiig  that  <  |lj|^  ^ 


With  thi  tl4  of  (tiEly  (2«12)|  {0«1$)  w  prooaad  to  ptora 


••10^ 


m  claim  that 

(2a5)  lim  sup  \\  +  2TfVV(t)|  <  i*U.l5*  1  j''(t)-^(t)  j  )• 

X  *--#  8  (  t  I  -*0  ^  ^  V 

Indesa,  writing  in  {2#14)  fit)  «=  (T  )-/*(t))  and  using 

<0#2)|  {2.12)  and  (2«13)f  the  proof  of  (2tl5)  follows# 

We  next  obsenre  that  the  funotlon 


0 


(2#16) 

-  ^  /(t) 

0 

satisfies 

(2.17)  11m  I^v  «  o  # 

X— »sCt)  ' 

Conibining  this  rmsarlc  with  (2 #15)  we  get 


(2.18)  llm  sun  I 
X— »s(tj-o 


4  ^.u#b. 
t**^  <t  <t 


tlrioe  the  left  side  of  (2.18)  is  independent  of  i  m  conclude^ 
0ii  taking  S  ^  Of  that  it  is  zero#  and  the  proof  of  the  l^aia  is 
oompieted. 


Suppose  niZft),  sit)  form  a  solution  of  system  (l#l)« 

% 

{1«5)»  Bf  tile  maxismmi  prineiple  [20]  u(x^t)  is  nonnegative  for 
o<x<s{t),  t>0f  Sinoe  u^  on  x  «  s(t),  <  o  and  henosi  by  (1.5)# 

s(t)  >  o#  this  provsi  that  sit)  is  nondeoreasing  in  t# 

We  shall  now  prove  that  If  either  e(x)  f  o  or  f(t)^  o  in 
some  interval  o<t<&  ,  then  s(t)  is  strictly  increasing  in  t« 


ZS(S«e4,  In  the  contrapy  ease  thepe  exist  two  points  t*  >  t" 

BBoh  that  8(t)5  aCt')  t&e  all  t»  <  t  £  t",  Ihepefope*  hy  (1.5) 

n,  «  I  »  o  on  the  straiaJit  segment  x  »  stt)  t»  <  t  <  t".  We 
X- 

esn  now  nsa  the  stpong  maxlwum  pplnolple  (211  to  show  Hist 
nCXft}  >  0  top  0  <  X  <  e(t),  t  >  o.  Slnoe  u(8(t),t)  *  o  we  can 
mo  (IS;  $li*0p«n  2}  to  oonolnde  iSBit  Is  ne^itlTe  at  the 


points 


,t)j[  t»  <  t  <  t"»  IMi  last  conclusion  liOMOWeP 
s(t)  >  o  fop  t<  «  t  <  t"  i^ich  is  a  oontpadlotKai. 


4.  1!he  Intagfft  BwMgS 


We  intpodaoe  Opoan's  function  fop  the  half  plane  x  >  o 


u(X|t)f  a(t)  foiw  a  solutitat  of  ih,e  syatom  (l»l)* 


Xntfgx>atlng  @pean*s  Montity 


ovap  'tdM  doiaaln  o  ^  (''C  )  and  letting,  o  we 

get«  m  ualnf  {1*S)«  (l.8)«  (1»4) 


0(5  )o(*,t}  S,o)df  »  1^  +  Mg  + 


denotes  ^  1**™  integral.  Denoting 


Pit)  •«!  Mt  )pt) 


•  ^  i  of  (4.2)  witfe.  I?«8pe6t  to 

m  prooesA  to  difforewsiat*  tovh  sides  o 

X  a«d  let  Using  le»a  1  ve 

=  |<r(t)  +  jv(t)03,t8(t).t}s(t).  T  )dt . 

o 

the  second  tern  of  G  is  a  regular 


1^4)  XiWi  , 


8 


Is  tk^ 


V®  f&ctj 

ftyyifl  "felon  sine®  X  “**  s  C  ^  ^  ^ 

ml)*  ,  , 

evaluate  d\/d  *.  1  “  2,5.  Demote  by 


We 


(4,5)  W(x,t}?,^)' 


a  S  We  now 

*  5 

fe  ■ 


^  «  Vf  (f  (t  )aT 


«  ,f  (o)S(*.tio.o)-  I  id )N(x,t;o,t  lat  . 


stmiarly 


b 


(4*7) 


f  »(|)Ojj(x,t;|  ,o)^=<p(o)M<**t}0,0)+ j^«(|)S(x,t;?,o)dt 

(4.4).  (4.6).  (4.7)  we  obtain  on  differentiating  (4.2) 

with  respect  to  *  and  taking  x-»s(t)-o,  ^ 

v(t)  -  2t^(o)-f(o)l»(s(t),t;o,o)4  2  j  |(|)B(s(t),t}1  .o)d5 


(4*0) 


\  J{T)H(B{t),t}o.I)dt+2  (v(t)G3,(s(t),t}8a),t)dC 

4 


sMtmmiStSitSi 
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by  (liS)  Md  (4*5), 

(4.9)  alt)  s  ^  -  I*  Tit  )dt  . 


yi^  %m$  pt*w#d  thint  for  evei^  eolution  u,s  of  tb© 


(l#l)»t(l*3)  V  (dofimd  by  {4»3))  mint  satisfy  th©  intsgraX 
©qtiatioa  (4*8) I  s(t)  is  defimd  by  (4.9)a 

it^ost  tor  nmm  cr  >  o  i?Ct>  is 


s  eontlmous  tolution 
is  dsflusd  by  (4»9)# 
u(s«t  }  is  fyitimd  by 
tom  a  solutJio*i  of  bh< 
F|j?st  of  all  0m 


of  tbs  ibtsgfsl  squation  (4.^8)  idbisfs  i(t) 
sball  pyovs  that  u{x,t),  s(t)  (wbsrs 
witb  ti  I  (a  (t),t)  replsesd  by  v(X 
syat«n  {l#l>w(l«5)# 

Ws  now 


diffstsiitiats  u{X|t)  wi^  fss,  ct  to  x  and  tabs  x-^s(t)-a^ 

tmm-.  %»  pz^yions  oalotilations  of  d  x  (i  ^  8^3) 
iiad  liits@»al  sqoition  {4*$)  ws  find  that  iC(s(t)|t)  a»  ir(t)# 

3v- 

ilnot  by  C4i8)  y|t)»  «l(t)j  (1«5)  folloiti#  Ws  reniaste  t^t 
n(xtt)  and  stt)  hays  all  Idas  nsgnlafity  pyopartiss  in  ordsj?  to 
foiai  a  iolntioii  in  ins  sonss  of  ^  i«  Ihus  it  mmim  to  prmo 


pnofs  that#  tit  ints|p*ats  (fessn’s  idsatlty  (ifith  8  and  n) 
!!08Ma.in,  o  ^  H  ^  s  Cf  lie  s  t  **€  a*^  Xs  t  oon^ 

Im  thiNipNil  pspnssantation  tor  n(X|t)  thus  obtainsd  with 


if  0<3C<s{t}| 


)  «  «  if  8(t)<ac<oo,  o<l;<o~«  ladssd  It 
«8Ml*bWi  OXi  t  K  0$  b  4  3c  <m t  tends  te  zero  es  x-^^alt^-i-o 


V-  -s 
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(by  (4. 10)  and  tbi©  contimlty  of  in  the  whole  strip 

o  <  t  <  0^’ ),  aM  tends  to  zero  as  X'-^oo  uniformly  with  respect 
to  t,  0  <  t  <<r  «  Hence,  by  the  masiimam  principle^  ^'(x.t)-© 
for  s{t)  <x<o0|  o^t  <<r  • 

Applying  L&mm  1  we  now  get 


0  ^ 


Si 


X>-43(t)«0 


^  *  J  x->s{t)+o 


«u(s(t),t)  (o<t<0*)# 


We  have  thus  proved  that  the  problem  (1*1)- (1*5)  is  equi¬ 


valent  to  the  problem  of  finding  a  continuous  solution  to  the 
integral  equation  (4#11^stt)  is  defined  by  (4.9).  In  what 
follows  we  shall  solve  this  nonlinear  integral  equation* 


5  ♦  Sxiatence  apd  Hnlauenee s  for  ^all  Time s 


In  this  chapter  we  shall  prove  that  the  integral  equation 
{4#8)  has  a  unique  solution  for  o  <  t  <<r  ,  cr  being  a  suffl- 
otently  small  number*  We  denote  by  0^  the  Banach  space  of 


fonotions  v(t)  defined  and  continuous  for  o  <  t  <<r  with  the 
uxiiform  norm,  namely  l|vl|  -  ^ *u*b*lv(t)l  •  We  denote  by  0^ 
the  olOied  sphere  ||  v  ||  <  H  of  radius  U  in  C^.  On  the  set  0^  ^ 


m  define  a  transformation  w  ^  ^  In  the  following  wayi 

b 

w(t)  »  8{9(o)---f  (o)jH(s{t),t|,o,o)+g  {  9(i  )N(s(t),t,l,o)d5 


(5*1) 


t 


.0  (  f(t)H|s(t),t|0,r)«  +2  (v(t)a^(8(ti,t;a(t),t)dt 
o  o 


{o  <  t  <  0^  } 


*•15"* 


t 

(5#0)  s{t)  |ir{t  )dT  • 

Wa  siiall  prove  a  few  propartles  of  T. 

5*1»  f  iQi^i  ^0^  II  Itaalf*  Frm  C5»2)  it  follows  that 

^*I^WWII^I^il^ll^l■■lllll■l^<  I  ■  liliw.|llii>l,>|>w^  ■lllllliyJtppi.WiiMiailWW,  ■  lll^^ll  I  I  iw 

(5*3)  ia{t)  -  s(T)l 

lot  what  fpilows  wa  shall  danota  by  appropriate  positive  oon^ 
steats  d^^vexsdihg  imd  contiimously  so)  only  on  ¥©  sh^l  ttto 
<r  to  eallify 

(Sf  4)  2Mr  <  b,  cr  <  1 


(5#3) 


<  s(t)  < 


(o  <  t  <<r  )♦ 


With  the  aid  of  (6#3),  {3»5)  we  easily  find  that 


?» 


<  4 


•¥  B 


1 


4  f 


4  Bg"*" 


“  4  1)^0^ 


H*  4 II  fit  41 

and  tuning  ^  to  satisfyi  besidia  (5«4)« 

(5.5)  Bj(«i{e)  +  f  (o)  +||fHkr  +  Bg 

«r*  60miW»  tSuit  ||h  |j  <  M,  that  !•»  7  Mi|)a  C  cr  ,  M 

BvJlog  (&»7)  w*  «iO  r«p!|BO0  the  eonditlcma  (S*4)  By 

(5.5)  8(4  Ilf  jl+DW"  <  b»  or  <  1 


<  1 

itself « 


m. 


ft#  f  is  a  oontraeldoiif  £et  w  «  fv,  w*  «  aM  denote 


jjv  -  »» II  «  6 
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If  a.<t)  oorreapoads  to  v*(t)  t.y  (5.2),  then  we  have  the  follow 

(5.11)  |8(t)  -  t  £  .  lU-s'lb  £  . 

Since  [1 V  fj  <  M,  Ijv'jl  <  M  we  also  have 

(5.12)  ls(t).a(T)l  ls'(t)-B'(i:  )l  <  M(t-X),£<2M. 

Finally,  taking  o'  to  satisfy  (6.9)  we  have 

(5.15)  |b  <8(t)  <|b,  |h5  8«(t)  <|b  ostscr. 

With  the  aid  of  (5.11),  (5.12).  (5.15)  we  now  prooeel  to  prove 
that  for  small  0*  T  la  a  cotttraotlon. 

We  write 

(5.14)  w  -  w*  »  +  Vg  ♦  Vj  +  V4 


where 

(5.15) 

(5.16) 


V,  =  2((?(o)-f(o)I(H(8(t),t}0,o)  -  H(s'{t),t;o,o)] 

*** 

Vg  *2  r  r(|)[H(B(t),t}g,o)  -  H(8>(t),t;|,o)]d| 

O 

(5.17)  Vj  “  -  f  f(t  )I»(*(t)*(’J®'''^  ^  "  H(8‘(t),t;o,X)1dT 

4 


»8ir 


4 


(t* 


(5*18) 


8 


I  (t)  exp{- 


41 


(t»X  ) 


Oslng  tha  mean 
(5.19) 


value  theorem,  (5.11)  and  (5.15)  we  easily  get 
IVj^l  <  Bg[<(>(o)  +  f{o)lo'£  • 


I 


% 


*  -dKV  '  _ 

jm. 


t 


✓ 


fo  ©Stiiswata  ¥g 
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m  tirdt  esttoalje 


M©  mBj  9^B$vsm  ^9,%  i^(l)  >  Bit)  and  di^ld#  tlia  integral  into 


nhan#  it  ii  nndenitood  tiiat  foa?  inatenoe  if  ©{t)  <  t  <  s*(t)  tlian 
^0  last  intagral  dtit  not  ©pipoiii?  and  tlm  od^  a*  (t)  of 

tfea  i«oond  int#gi?«i  ia  i^giaood  ©atisaiit#  m  nao  ttaa 

mtan  a^alno  tnaot^n  noting  tfeat  if  »{t)  <  f  <  a  Mt)  thm 

<  01^  '{a  >  o')  • 


(s.m)  l^a'I  ^  . 


0«n  aiiiilanlf  ©atiMta 


r’4  i^oli  la  ©qnai  to  t^a 


of  SO)  I  x»0plao0d  by  -  f  #  W#  obtain 


CS^iSS'l 


|  Va  l 
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(5*13)  •  We  aomlu^e  that 

(5.23)  fVgl  <  B^jlfflcre  . 

To  estimate  we  write 

(5.24)  =  Wj,  +  Wg  +  Wg 


where 


(5*2r) 


9 


0siag  (sao),  Ib^Z)  m  get 


To  estimate  Wg  we  xu>te  that  the  bracScets  on  the  right  side 
t>t  (5#S6)  are  ettal  to 


[B(t)?<i»(»)3-l8(T)-B«(t)I  a  s(|'j-g.»  (|) 
(t-X 

Hence^  using  CStll)  we  obtain 

1  Wg,l  <  BgM  cr  e  . 


(T  <  X  <  t). 


To  estimate  W,  we  note  that  the  second  braces  on  the  ri^t 
side  of  (5* 27)  are  bounded  by 


ts'  (t)“S(t)]-[s  '{t)-8  (^)]  I  [  |s  '  (t)-8  '  (X)  j  +  |  3{t)-s{t)  |] 


(5.30) 


<  I  M  e  (t- 1 ). 


If  we  take  cr  to  satisfy 

(5.31)  mV  <  1 

then  the  right  side  of  (5#30)  is  bounded  by  !•  We  then  conclude 
that  the  brackets  on  the  ri^t  side  of  (5*27)  are  bounded  by 
Bi^Mt(t-t  )*  Making  use  of  this  last  remark  and  of  (5»12)  and 

(5.31)  w®  get 

t 

(6.32)  (Wgl  <  j  (t-t  < 

Gonibining  the  estimates  (5o28),  (5.29),  (5.52)  with  (5*24) 
we  get 

(5.33)  |V^j  < 

Combining  the  estimates  (5.19)^  (5.22),  (5.25),  (5«55)  with 
(5.14)  we  get 

(6.34)  <  Bgt<p(o)+f  (o)^+B^||  f 

provided  ^  satisfies  (5.31).  In  view  of  (5.7),  (5.31)  becomes 

(6.35)  (4ii  fll+i)V  <  1  . 


Being  {6.7)  we  conclude  that  if  cr  satisfies  (5.36)  and 
(6.36)  B5[.(o)+f  (o)]cr ||f I|cr+Bj^j^(4  ||4>|| 

then  f  is  a  contraction  operator  on  0^2^. 


0 


m 


lit- 


“20«* 


We  have  proved  that  If  cr  satisfies  (5*8),  (5*9),  (5»35) 

and  (5*56)  then  T  is  a  contraction  on  and  maps  °cr.M  into 

that  ^  ^ 

itself.  It  is  then  well  known/^there  exists  a  unique  fixed  point 
v(t)  of  T  in 

Having  proved  the  existence  of  a  solution  v(t)  to  the  in¬ 
tegral  equation  (4.8)  (with  s(t)  defined  hy  (4.9))  we  proceed  to 
prove  uniqueness.  Suppose  v*{t)  o  <  t  <3r  (?  <  o'  )  is  another 
solution  and  replace  in  the  considerations  of  5*1^  5.2  M  by 


M*  s=  max{M,  X .Uj^b.  |v ’ (t )  1 ). 

o^<*0” 

Then  instead  of  we  get  <7^*  (or*  <(?)  which  satisfies  the 

that 

inequalities  which  guarantee  that  T  is  a  contraction  and^T  maps 
0^  t  M*  itself.  Since  v{t)  and  v*(t)  are  both  fixed  points 

in  (^,  jj,  of  the  transformation  T  we  have  v{t)  »  v*(t)  (o<t<cr*)* 

Now  let  cr^<?'  be  any  number  such  that  v{t)H  v*(t)|  o^<<r2. 
^Hien  v(o'^^)s=v*  (^2^)  •  If  we  show  that  for  some  €  >0  v(t)  s  v*(t), 
o<t<cr2+C  then  the  proof  of  the  uniqueness  is  completed# 

l;0t  u(x,t),  u*(x,t)  be  the  solutions  of  (lol)-(l.5) 

corresponding  to  v(t),  v*(t)  respectively.  If  we  apply  Green’s 

formula  as  In  ^>4  we  obtain  integral  equations  for  v(t)  and  v’(t) 

analogous  to  (4.8)  in  the  domains  <  t  <(r  and  <7^  <  t  <  5^ 

respectively  and  with  <p^(  I )  replaced  by  u(  f  ,  cr*^)  and  u’  ( 5  , 
respectively.  We  recall  that  u(f  u*{f  Proceeding 

as  before  (in  the  case  =0)  we  conclude  that  v(t)S  v(t*)  for 

5  ^  ^  6  >  o  *  We 

have  thus  completed  the  proof  of  existence  and  uniqueness  of 
solutions  for  small  times. 


-sr  « 


t 


#■ 
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6*  Existence  and  Unlanenass  f«T»  ati 

. . . . . . . .  r  .1 

We  now  apply  the  proof  of  ^  5  step  by  step.  To  show  that 
such  a  process  can  be  carried  out  so  as  to  obtain  a  solution 
u(x, t),s(t)  (or  v(t))  for  all  times  we  have  to  prove  the  follow¬ 
ing  statement:  |f  the  solution  v (t )  (or  u(x,t),  3(t))  exists  and 
i8,J3jlique  for  o  <  t  <  t^  then  it  exists  and  is  unique  for 
^  ^  £  for  some  £  >  o. 


We  first  prove  existence.  To  do  that  wo  shall  first  prove 
that  v(t)  (o  <  t  <  t^)  is  a  bounded  function.  In  this  proof  we 
shall  make  use  of  the  fact  proved  in  ^5  that  s(t)  is  nondecreaslrig 

in  t«  Ihus^  s(t)  >  b.  We  shall  also  use  the  fact  that  v(t)  — 

. 

-s(t)  <  o. 

The  method  used  to  prove  (4.8)  can  be  used  to  prove  that 


v(t)  =  2(u(o,tQ-  i  ).f  (t^j-  ^  )]N(8(t),t;o,tp-^  ) 


(6.1)  +2(  u^(S,V§)lI(8{t),t;'5,t^-5)d| 


.  ^ 

s  f  f(t)N(8(t),t!0,  t)dr+  2  (  v(t)0^(s(t),tjs(r),T)dt 


4 

i=i  ^ 


»di«r«  ^  >  o,  t  <  Kid  Tj  deiiotes  th.  1-th  tom  on  the  rl^t 

side  of  (6al)«  Since  v{t)  <  o  we  only  have  to  find  a  lower  bound 
on  v(t).  Denoting 


(^•2)  y(t)«g.je,b.  v(t) 

t^-^<t  <t 


0^ 


—  m 
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we  proceed  to  evaluate  T^. 

vs 

(6.3)  .. 


=  - 


i%\  \  2 


.  {  __/^\  s(t)+s(r) _ t  (s  (t)+S  (t)  _ 

777^  — 4ft-X)  “ 

.  /  /  it-t ;  ' 


T»  +  T|. 


Since  s{t)-s(t)  >  o  and  v(t)  <  o  we  have 


(6*4) 


tI  >  ©• 

4  — 


Since  s(t)  +  s(t)  >  2b  we  have 

t 


|t;"|  <  lr(t)|  (  ^  exp{-  ;^}dX 

A./  t 


t^-S 


(6.5) 
if 

(6.6) 


<Bj2lt'(t)|i  <  |^(t)| 


We  now  fix  such  that  it  satisfies  (6.6).  Ihere  exists  a 
constant  B*  (depending  on  <}  ,  but  not  on  t)  such  that 

(6.7)  |T^  +  Tg  +  Tgl  <  B»  for  all  t^-i 
Combining  (6.4),  (6.5),  (6.7)  with  (6.1)  we  conclude  that 

(6.8)  v(t)  >  ^y(t)-B*  (^0-4  <  ^ 

Taking  the  g.j6*b.  of  both  sides  of  (6.8)  when  t^-i  easily 

get 

y  (t»)  >  -2B» 

and  the  boundedness  of  v(t)  (t^-6  <  t  <  t^) follows# 


f 

/ 
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We  now  differentiate  (4 .2)  with  respect  to  x,  and  make  use 
of  Lemma  1,  {2«12)^  the  boundedness  of  v{t)  and  (4.6),  (4.7).  We 
then  find  that  u  (x,t)  is  a  bounded  function  for  o  <  x  <  s(t), 
o  <  t  <  t^.  u(x,t)  is  also  bounded  in  this  domain  (by  the  maximum 
principle) . 

Prom  the  inequalities  (5. 8),  (5.9),  (5.35),  (5.36)  which 
restrict  the  length  cr  of  the  time  for  which  a  solution  was  proved 
to  exist  it  is  clear  that  if  we  proceed  with  the  method  of  $5 
but  start  from  t  =  t  -5  upward,  then  the  inequalities  restricting 
<r  will  he  independent  of  cS  «  Thus,  if  we  start  with  |  suffi¬ 
ciently  small  we  shall  get  a  solution  v(t)  for  t^-J  <t<t^+ g  for 
some  t  >  0.  This  solution  coincides  with  v{t)  for  tQ-^ 
since  we  asstamed  imiqueness  for  o  <  t  < 

To  prove  that  there  exists  only  one  solution  v(t)  for 
o  <  t  <  we  can  use  a  reasoning  similar  to  the  one  used  in 

5«3.  Details  will  be  omitted. 

7.  Generalizations 

7.1.  A  weaker  definition  of  a  solution.  In  ^  1  we  defined  a 
solution  of  (1.1)«-{1.5)  as  a  pair  of  functions  u{x,t),  a(t)  which 
satisfy  the  equations  (1.1)-{1«5)  and  certain  differentiability 
properties.  Among  these  differentiability  conditions  only  one  may 
seem  to  be  \mnatural,  namely,  that  u  (x,t)  is  continuous  on  x=:o. 

We  shall  now  prove  that  this  condition  is  superfluous,  that  is. 

If  f  (t)  is  continuously  differentiable  and  if  u{x,t)  is 
solution  of  (1.1),  (1«2)  t^en  u^^Cx.t)  is  continuous  near  and  up 


to  X  «  0. 
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Introducing  Green  *s  f^inction 


K(x 


,  t ;  ,  X  )  =  ^ 


k=-Ot9 


2^1/2 


«p<-  > 


(7,1) 


exp 


..f  (-x+4ka'- 5  1 

- TTtm  / 


less-.  €30 


in  the  rectangle  ^  ^  ^  ^  ^  ^  ^  S  ^  ^  ^  have  the  following 

representation  formula  for  u(x,t): 


uCx.t)  = 


=  j  u(f,(3)K(x,t;LP)clf  +  I  f(t>[^K(x,t}|,T)]^_^ 


(7.2) 


-  (  u(2a,X  )[^K(x,tj5  ,T  )]  dT. 
)  I  =2a 


The  proof  of  (7*2)  follows  by  noting  that  the  right  side  of  (7.2) 
is  a  solution  of  the  heat  equation  with  the  same  boundary  values 
as  u(x,t).  We  now  differentiate  (7,2 )  with  respect  to  x,  perform 
in  the  second  integral  integration  by  parts  (compare  with  (4.6)) 
and  then  let  x — ^05  the  assertion  then  easily  follows. 


«  Theorem  1  can  be  generalized 


to  parabolic  equations 


(7.3)  a(x,t)u^  +  b(x,t)u^  +  o(x,t)u  -  u^ 

provided  c(x^t)  <  o  and  the  functions 

fj'  ° 

are  Holder  continuous  for  o<x<oo,  t>o. 
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Indeed  we  have  only  to  construct  Green's  function  in  tiie 
domain  x  >  o,  t  >  o  and  then  proceed  as  in  the  special  case  of 
the  heat  equation#  To  construct  Green's  function  we  apply  the 
method  of  [13].  We  first  extend  the  coefficients  of  {7#3)  into 
the  whole  strip  t  >  o  hf  defining 

a(-x)  =  a(x),  o(-x)  =  c(x)  for  x  >  o 

b(-x)  =  -b(x)  for  X  >  o. 

Then  we  can  construct  a  fundamental  solution  r(3c,tif  )  (by 
[9])  which  will  be  continuous  for  x/J  ,  ^51  -oo<x<oo  and 

oontinuoasiy  differentiable  for  x^5^o<|'<oo  ©<x<oo 
and  0  <  I  -oo  <  X  <  o#  We  take  for  Green's  function  the 

fiinotioa 

r'^Xfti  ft)  ••  )• 

7 •3#  A  general  Stefan  problem#  We  shall  consider  the  case  where 

the  temperature  of  the  ice  is  not  constantly  aero  and  is  kept 
under  control  at  x  ®  c  >  b#  We  then  have  the  following  system 

(7*4)  ®  o  <  X  <  s(t),  t  >  o 

(7i5)  «g  ftg  (ag  r  s(t)  <  x  <  o 

(7*6)  Uj^{o,t)  =»  f  (t),  fi(t)  >  o  for  t  >  0 

(7*7)  v^iXfO)  «  92^ (x)  >  o  for  o  <  x  <  bj  93^(b)=o  (b  >  o) 

(7*8)  Ug(x,o)  «  fg(x},  9g(x)  <  o  for  b  <  x  <  c,  92^t>)  =  o  (c  >  b) 


(7*9)  Ug(o#t)  *  fgCt),  fgCt)  <  o  for  t  >  o 


(7.10)  u^(s{t);,t)  =  U2(s(t),t)  =0  for  t  >  o,  s(o)  =  b 

,  aun(s(t),t)  a’U2(s(t),t) 

(7.11)  s(t)  =  -k^  . - . g-- -  +  kg  - - (kj  >0,  kg  >  o). 

With  the  aid  of  Greenes  functions  for  (7*4)  (in  the  domain 
x:  >  0,  t  >  o)  and  Gg  for  (7.5)  (in  the  domain  x  <  c,  t  >  o)  we 
can  reduce  the  problem  (7t4)-(7jaL)  to  the  problem  of  solving  a 
s-ystem  of  two  nonlinear  Integral  equations  which  we  symbolically 
write  in  the  form 

(7.12)  v^(t)  =  I(s{t),  V2^(t),  Vg(t))  (1  =  1,2) 

where  s(t)  is  defined  by 

t 

v^(r)dt  +  kg 

Using  the  method  of  prove  that  the 

system  (754)-(7.11)  has  a  solution  U2^(x,t),  Ug(x,t),  s(t)  for 
all  values  of  t  as  long  as  the  curve  x  =  s{t)  does  not  intersect 
the  line  x  =  c.  The  curve  x  =  s{t)  increases  monotonlcally  in  t. 
The  previous  method  of  proving  Theorem  1  can  also  be  modified 

to  solve  the  system  (l.l)-(l#6)  with  (1.2)  replaced  by 

I 

j  Cl.2<)  u^(o,t)  =  f  (t),  f(t)  <  o  for  t  >  o 

s  atnd  to  solve  the  system  (7.4)- (7.11)  with  (7.3)  replaced  by 
1  auT(o,t) 

j  (7.60  — -  =  ^^(t),  t^(t)  <  o  for  t  >  o 

!  or  with  (7.9)  replaced  by 
I  ^Ur)(c,t) 

I  (7.90  . -  =  fg^t),  fg(t)  >0  for  t  >  o, 

i  Some  open  problems »  Prom  the  contractive  character  of  the 

■  transformation  T  which  appears  in  the  proof  of  Theorem  1  it 

‘'4'- 

iF"*  1 
*■; 

-  V 

i 


(7.13)  s(t)  = 


**k~  1 

^  1 


Vg(t)dX  +  b 


at  • 


follows  that  the  solution  v{t)  (and  hence  u(x,t),  s(t))  can  be 
calculated  by  successive  approximations  for  a  small  range  of  time. 
tJsing  this  remark  one  can  easily  show  that  the  solution  changes 
continuously  with  the  data  f ,  We  raise  the  following  question; 
If  f ^  >  ff  and  s*,  s  are  the  ice-water  curves  for  the 

corresponding  problems,  is  s*(t)  >  s(t)?  In  a  few  particular 
cases  this  question  is  answered  by  the  affirmative,  however  we 
do  not  know  whether  the  answer  is  yes  for  any  f,  q>,  f A 
similar  question  can  be  asked  for  other  Stefan  problems. 

The  case  b  =  o  was  excluded  from  our  considerations.  In 
that  case  Rubinstein  [23]  proved  existence  for  small  Intervals  of 
time  under  some  additional  restrictions  on  f  •  It  remains  to 
prove  existence  without  these  restrictions.  Furthermore,  the 
question  of  uniqueness  is  still  open.  We  can  prove  very  easily 
(using  the  law  of  conservation  of  energy,  which  is  obtained  by 
integrating  the  heat  equation)  that  if  u,  s  and  u*,  s»  are  two 
solutions,  then  eCt)  and  8*{t)  must  intersect  each  other  infinite 
number  of  times  In  any  interval  o<t<  i  (€>o).  In  this 
proof  we  only  assume  that  f  (t)  is  a  continuous  function  and 
therefore  this  result  contains  the  result  of  [26]. 
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Part  II ;  Evaporation  or  Condonsatlnn  of  a  Liquid  Drop 
1.  Statamant  of  thB  I4ain  Result 

A  liquid  in  the  presence  of  an  undersat  ur  at  ad  mixture  contalnir 
Ite  oiin  vapor  will  evaporate,  while  if  the  mixture  is  super¬ 
saturated  the  vapor  will  condense.  Assume  that  we  have  a 
3 -dimensional  drop  and  that  in  the  process  of  evaporation  or 
condensation  the  drop  will  remain  spherical  due  to  some  extraneous 
mechanisra  such  as  the  surface  tension  and  that  the  saturation 
density  g  is  independent  of  the  radius  of  the  drop.  Assume  also 
that  in  the  case  of  condensation,  no  new  drops  are  created.  Let 
f  denote  the  density  of  the  drop,  Ue  further  assume  that  the 
Initial  density  of  the  vapor  is  a  functicn  of  x,  where  x 

denotes  the  distance  from  the  center  of  the  drop,  and  that 

c  =  lim  o^(x)  (x  -foo)  exists, 
o  o 

Denoting  by  D  the  coefficient  of  diffusion  and  making  the 
substitutions 

x-*x,  t  ,  c{x,t)  -*  z(z,t)  =  c(3t.t)  - 

8  -  «o 

'Where  c(x,t)  is  the  vapor  density  at  the  point  (x,t),  we  get  for 
z(x,t)  the  following  systei  of  equations  (see  also  [18]): 


(1.1) 

Zi z  =  8.  for 

8(t)  <  X  <  t  >  0 

(1.2) 

e{x,o)  =  f  (x) 

for  x>s(o)  =b  (b>o) 

(1.3) 

z(a(t),  t)  =  1 

for  t  >  o 

* 

(1.4) 

Ok  Zjj  (•(t),  t)  = 

• 

8{t)  for  t  >  0 
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where  s(t)  is  t.ie  radius  of  the  drop  and 


In  vjhat  follows  shall  need  to  assume  the  following  additional 
conditions  on  *(x,t)  at  Infinity: 


xz(x,t)  and  [xz(x,t)]  are  bourided  as  x 

(1*5) 

uniformly  with  respect  to  t  in  finite  intervals. 


Thus  we  shall  have  to  assume  that  xf(x)  and  [xV^(x)]  satisfy 

the  same  boundedness  conditions.  This  means  that  c^(x)  tends  to 

o 

Its  limit  c  "sufficiently  fast".  We  shall  also  assume  below  that 
y  (x)  <  1,  This  mssns  that 

if  a(>  0  Cor  0^  <  g)  then  c^  (x)  <  g, 
and  similarly 

if  0(<  0  (or  c^  >  g)  then  o^(x)  <  g,  (Note  that 

Oi  >  -1.) 

The  first  case  is  the  case  of  an  londer saturated  mixture  and  the 
second  case  corresponds  to  a  supersaturated  mixture.  It  is  thus 
seen  that  the  assun^tlon  (x)  <  1  is  natural. 

Using  the  maximum  principle  [21]  we  easily  conclude  that 
i^(s(t)ft)  <  o.  Therefore,  b/  (1,^1),  if  q  >  o  then  8(t)  <  o  and 
the  drop  decreases  (evaporation),  while  if  <  o  then  8(t)  >  o  and 

the  drop  grows  (condensation) ,  As  in  Part  I  wc  can  prove  that  if 
Iff  1  th«n  s(t)  is  strictly  monotone  in  t. 
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Denoting  u(x,t)  =  xz  (x,t)  the  system  (1.1)  -  (1,5)  takes  the 

form 

(1.6)  for  3(t)  <  X  <  •'X),  t  >0 

(1.7)  u(x,0)  =>^(x)  for  b  <  X  <  rKi  ('fix)  =  s(o)^(x)<  3(0 

(1.8)  u(s(t),t)  =  s(t)  for  t  <  0 


(1,9)  o(u^(8{t),  t)  =  s(t)  s(t)  for  t  >  o 


(1,10) 


u(x,t)  and  u^(x,t)  are  bounded  as  x  -►  c?o 
uniformly  with  respect  to  t  in  finite  Intervals, 


Definition,  A  pair  of  functions  u(x,t),  s(t)  is  called  a  solution 
oT  the  system  (1,6)  -  (1,10)  for  t  <  (T  (^<'^  if  they  satisfy 


these  equations,  If  u^,  are  continuously  differentiable  for 
8(t)  <  X  0  <  t  <  if  u  is  continuously  differentiable  for 

s(t)  <  X  <oc  ,  0  <  t  <  If  u  is  continuous  for  s(t)  <  x  <  yo, 

0  <  t  <  f  and  a(o)  <  x  t  =  0  and  <  lim  inf  u  < 

lim  sup  u  <  s(o)  as  (x,t)  (b,o) ,  if  s(t)  is  continuous  for 

®  ^  ^  finally,  if  a(t)  is  continuous  for  0  <  t  <  d”  and 


Ilm  t^/^s(t)  exists  (or  lim  (s(t),t)  exists)  as  t  o. 

If  '‘p(b)  =  b  then  we  shall  also  demand  that  a(t)  is  continuous 
at  t  =0  and  that  u(x,t)  la  continuous  at  (b,o)  , 


We  shall  need  the  following  assu<.'^tion  on  (x) : 

(<^)  The  functions >p(x) ,  (x)  are  continuous  and  bounded  for 

b  <  X  <<00  and  /  |vp  (x)  |  dx  exists. 
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’/e  can  now  formulate  the  roaln  result  of  this  Part  II. 

Theorem  2 .  Aaoume  that  (x)  satisfies  the  condition 
(1)  If  ^it>)  =  b  aM  c(<  o  and  satisfies  (3.50)  then  there  exists 
i  unique  solution  u(x,t),  s(t)  to  the  system  (1.6)-(1.10)  defined 
for  all  o  <  t  <  oo ,  Furthermore  # 

(X.U)  a(t)  <  A  +  Bt^/^  (o<  t  <oc  ) 

whara  A,  B  ara  eonetanta  daoandlng  onl?  on  a,  (11)  If 

v^(b)  =  b  aj^ai>o  and  aatlaflaa  (3. So)  than  there  exlsta  a  solution 
u(x,t),  a(t)  aa  long  aa  the  radlua  R  =  B(t)  aatlaflaa  (4.6),  (4.7), 
The  aolutlon  la  datarmlnad  uniquely.  (Ill)  ^  ^(b)  <  b  than  the 
aboya  raaulta  faf  (1).  (11))  about  axletenca  raaaln  true.  The 
aolutlon  la  determined  uniquely  If  t’e  make  the  additional  condition 
(S.54)  (with  Op  replaced  by  a). 

The  proof  of  Theorem  2  la  given  in  i  ^  2-6,  In  5 2  we  trana- 
form  the  problem  Into  a  problem  of  solving  a  nonlinear  Integral 

t 

equation.  In  ^3  we  solve  the  Integral  equation  for  small  time- 
intervals  by  a  method  different  in  some  iif^ortant  respects  from 
the  method  of  Part  I.  In  ^4  we  repeat  step  by  step  the  process 
of  93  and  prove  (ualng  Leama  2  and  (1.11)  that  this  proceaa  can 
be  continued  so  as  to  obtain  the  assertions  of  Theorem  2.  Finally, 
In  ^5  we  prove  the  inequality  (1.11). 


Euppoaa  u(x,t),  a(t)  form  a  aolutlon  of  the  ayatem  (1.6)-(l.lo) 


'} 

i 

i 

■f 

j 
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Using  Greenes  identity  i^ith  u(x,t)  and 


(2.1) 


0(x,t;  i,,X,) 


in  the  domain  s(c  )  <  x  <0*^,  ^  <X<  “  £ 

(1.8),  (1,10),  then  letting  ^  o,  we  obtain 


i-  1 

(  4^(t-r)  j 
and  using  (1,6), 


(1.7), 


^  t 

u(x,t)  =  j  G(x,t;f,  o)  .p(()  d^-  rG^(x,t;  8(r),r)s(r) 

b  0 

t 

^^•2)  -  i  G(x,t;  8(1  ),r)  u^(s  (T),T)  dT  . 

0  ■ 

Denote 

V(t)  -  U^  (3(t),t)  , 

The  x-derivatlve  of  the  second  integral  on  the  right  side  of 
(2 ,2)  is  equal  to 

t  t 

J  G^(x,t;  a(r),r)  s(r)  dr=  -  J G(x,t;  8(r ),r)  scr)c 

t 

(2.4)  s(T  ),r)  a(r)  s(r)dT=  G  (x,t;  b,o)  b 


/ 

+  1  0(x,t;  s(I),r)  s(r)dr+  f  G  (x,t;  s(T),r)  (<xv(r)-di)d 

0  '6  ^ 

wher.  made  use  of  (1.9).  Differentiating  (2.2)  with  respect  to 

X  and  making  use  of  (2.4)  and  (1.9)  ue  obtain,  on  letting  x  -  a(t)+. 
and  using  Lemma  1, 


/ 

/ 


-s- 
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(l+c*.)v(t)  =  -2bG(8(t),t;  b,o)  +o(  + 


(2.5) 


2  |^a^(8(t),t;  (  ,o)^(  ^  )d? 
b 

t 

-2^  j"G,(8(t),t;  s(r  ),C)d 
6 


r 


-2a  j  G(8(t),t;  8{r),r)fj^d( 

6 

'  0 

If  we  integrate  (1,9)  and  make  uaa  of  (2.3)  we  find  that 


(2.6)  s{t)  =  fb®  -  2a(t 


W 

-  fv(r)dT:)] 

i 


1/2 


We  have  thua  proved  that  If  u(x,t) ,  8(t)  form  a  solution  of 
the  aystein  (1.6)  -  (I.IC)  f or  o  <  t  <  <r  then  v(t)  (defined  by 
(2.3))  is  a  solution  of  the  nonlinear  integral  equation  (2.5) 

(with  8(t)  defined  by  (2.6))  f or  o  <  t  <  (S'  and  t^'^v(t)  Is  a 
continuous  function  for  o  <  t  <  f.  Conversely  (ae  in  Part  I)  one 
can  show  that  If  v(t)  is  a  solution  of  (2.5)  (with  e(t)  defined 
by  (2.6))  for  o  <  t  <  (S',  and  If  t^/^v(t)  is  continuous  for  o  <  t  <  (T 
then  u(x,t),  8(t)  form  a  solution  of  (1.6)  -  (1.10)  where  u.  Is 

defined  by  (2.2)  with  Uj.(8(t),t)  replaced  by  v(t). 

The  reason  why  we  did  not  perform,  integration  by  parts  in  the 
third  term  on  the  right  side  of  (2,5)  is  that  we  "ish  to  define 
M  and  C  depending  on  ^p(  ^  )  and  not  on  ^(  ^  .  The  reason  for  that 
last  wish  is  that  the  method  of  Part  I  to  find  an  a  priori  bound  on 
v(t)  or  u_(x,t)  fails  in  the  present  situation,  and  if  we  want  to 
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continuo  the  solution  to  large  intervals  of  time  we  have  to  find 
L,  independent  of  (  ^  )  « 

I-IoTjever,  the  third  ter.ii  on  the  rif^ht  side  of  (2,5)  (as  well 
as  the  firot  term)  docs  not  behave  regularly  at  t  =  o.  It  behaves 
essentially  like  We  therefore  define 

(2.7)  v(t)  = 

and  transform  the  integral  equation  (2,5)  into  an  integral  equation 
inv(t), 

3 ,  iit:istence  and  Uniqueness  for  Small  Times 
Consider  the  transformation  w  =  ?  v  defined  as  follows; 


(l+a(  )w(t)=-2bt^/^G(8(t)  ,t;b,o)  + 


(3.1) 


oo 

+2  j  t^/®Ojj(a(t),t;  ^  ,o)  y;,(  ^ 

b 

t 

+  2o»j"  t^/^G(8(t),t;8(r),T)|^) 

■o  t 

-Bh  [  t^/^Ojj(8(t),t;  8(t),r)  dr 

¥ 

O 


1/2, 


-2^  I  t‘'‘0(8(t),  t;  8(t- ),r)-T^i^ 

t1/  8(r  ) 


2(1-0 


s(t),t; 


dT: 


vihere 

(3.2) 
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This  transformation  la  defined  on  the  Banach  space.  of  functlor 

r(t)  continuous  for  o  <  t  <(r  and  with  the  vinlform.  norm 
II  V  II  =  l.u.b,  |v(t)|  ,  Denoting  by  the  subspace  ||  v  ||  <  M 

we  shall  prove  that  .for  some  positive  M  and  0*  T  maps  Into 

Itself  and  la  a  contraction. 

3,1  T  maps  j„j  Into  itself.  If  we  choose  <r such  that 

(3.3)  2|c<|r+  4|c*IvV2j|<^ 

then  on  using  (3,2)  and  the  'nequallty  |!  v  ||<  M  we  get 

(3.4)  -|  <  a(t)  <  ,  t^/2|;(t)|  ^ 

We  shall  also  need  the  following  Inequality: 

(3.5)  ja(t)  -a(T)|  <  (t-  t) 

provided 

(3.6)  <  M. 

In  what  follows  we  shall  assuae  that  (3,6)  holds.  The  proof  of 
(3.5)  follows  from 


r 
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whare  we  made  use  of  (3.4) « 

vath  the  aid  of  (3.4),  (3.5)  it  is  now  easy  to  estimate 


w  I  .  We  have 


+c/)  II  w  ||<-^  +  |-x|(r^/^  +  2  I'fll  +  ' 


(3.7) 


We  define 


(3.8) 


M  =  2 


*  11 


(1  •l•‘^) 


and  assume  that  .>•  satisfies 


TT  “b  TT*'  b 


(3.9) 


i8_  (b+llY'll//^)  <JJb2 

Ti  {i^ur 


tor  some  *  If  T  satisfies 


/,  ^1/2  .  4  M  .^1/2  ,  8|c>-|M  ^-1/2  .  (l-/9)b 

(3.10)  ^  /  -^^pTs^o 

then  it  follows  from  (3.7)  and  (3.8),  (3.9)  that  !|w  ||  <  M|  that  iSj 
T  maps  into  itself. 


3.2.  T  is  a  contraction.  In  what  follows  we  shall  denote  by 
appropriate  universal  constants.  Let  w  =  T  v,  ^ 


denote 

(3.11) 


»  -  Toll  =  £  . 


^  * 


Since 


(3.12)  II  V  li  <  M,  i|  II  <  H, 

we  find  as  in  3,1  that 


(3.13) 


■g  <  8(t)  <  ^  J  §  —  ~  5^ 


3b 


U.U)  -ilfU!,  <4ls^ 

(3.1S)  l.(ll->(C)l  I ■.<«)-•„! I 

Where  ^At)  is  defined  by  (3,2)  with  v,  e  replaced  by  v  ,  s  , 
o  ^  ^ 

In  proving  (3.13)  we  make  use  of  (3,3)  and  in  proving  (3 ,14) , (3 ,15) 
we  make  use  also  of  (3 ,6}, 

Next  we  have 


I  a(t)-8Q(t)i 


|8^(t)-9  ®(t)i 


Hence « 

(3.16)  |,(t)-«^(t)|  <  f  t^/2. 


(  |▼(r)-v  (TDl 

i  —pi - “• 


Ve  shall  also  need  the  inequality 


(3.17)  (.(t)  -  •^j(t)|  <§12^;^^  . 

To  prove  (3,17)  we  first  use  (3,2)  to  conclude  that 


(3.ie)  |a(t)«(t)-8g(t)i|j(t)|  =  |T(t)-v^(t)|  <  14^  . 


. - 
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Kext,  using  (3.14)  and  (3.16)  we  get 


|8(t)s(t)-s^(t)3(t)|  =|3(t)|  I  a(t)-8^(t)|< 


(3.19) 


-  16 - R — 


Combining  (3.18),  (3.19)  and  using  (3.13)  we  conclude  that 


|i(t)-;^(t)|  <1  (i^+ leii^)  , 


where  in  the  last  inequality  we  made  use  of  (3.3). 


We  now  proceed  to  estimate  w  -  w^.  We  write 


(3.20) 


(l+a)  (m-w  )  =  H. 

°  i=l  1 


where 


Vj^=  -2bt^/^  [o(8(t),tjb,o)  -  G(8p(t),t;b,o)J 


Vgn.  J (J(*(t),t;  <  .o)-  I  G(8^(t),t;  ,o^  (\)i 


/ 


I 


Vj=2CH.  J  t^/^^G(8(t),t;8(T  )»  ^  )  ~ 


V^=  x  f  t V2 1  ^  >  0(  8  ( t ) ,  t ;  8  ( r ) ,  r ) 


0(ao(t),t;8^(X).r)^i,;^J 


»«(t)-8^(r ) 


®'  '  .  o(s„(t),t;  8„(T),i:)l  dr 


#  ♦ 
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v^=-2c<  ( r  a(s(t),t;8(  (  ) ,  r)  ^4;^ 


8(T  ) 


-ttsTu) 

O 


o - __  i  ar 


Vg=(l-o  )  (  t^/^f  ^  &(a(t),t;8(t  ),  D 


v(  r ) 


•a  (  r  )  ^  T  -r- 

:  Q(8o(t)>t;a^(r).T)  :^I7^J 


- i 


To  estimate  V,  ve  U8S  the  moan  value  theorem  and  (5.16).  Vie 
8*^  X/z 

(3.21)  Iv^l  <2(11:5*’  <|oil£. 

To  estimate  Vg  ws  write  Vg  =  Vg'  ♦  Vg*'  where 


V  • 


oo 


:1A 


s(t)-e-(t) 


fcJ.  o(s(t),t;  ^,0)^(0 


s„(t)-  ^ 


^1/2  ,  ?  ^  ~-l  (>(8(t),t;  ^  ,o)-0(s^(t),t;  ^  ,o) -jo  (^ 


Using  (3.16)  H#  easily  get 


IVg'l  <  *1"^  ^  • 


(3.22) 


■40“ 


To 

estimate  Vg' 

"  we  use 

the  technique 

used  in  estimating  Vg' 

in  Part 

I,  >  5,  •;« 

divide 

the  integral  oi 

‘  Vg”  into  three  parts. 

namely. 

■SO 

/ 

8(t) 

oo 

f 

(5.23) 

-Vg"  =  j  = 

/ 

*  i 

* )  = 

a(t) 

viithout  loss  of  {generality  tae  aseuned  that  b<s(t)<8^(t) , 
The  estimation  of  is  Immediate,  Indeed^ 


(3.24)  ISgi  <  (s^(t)-8(t)I®  •“■X7g^  <  32  €  . 

Here  we  made  use  of  the  Inequalltlea 

|8o(t)-4|  <  |8Q(t)-8(t)| ,  |0(x,t;^,o)|  <  i/g 

and  of  (3.16), 

To  estimate  we  use  the  mean  value  theorem  and  the  Inequalltl 


tihere  8(t)  <  ^  <  8^(t ) .  Ve  get  after  some  oaloulatlons 


(S.25)  IS, I  <  ajil^lSLL  ||y,||£  _ 

To  estimate  we  write  in  the  integrand  of  3^ 

■^(t)  "U* 

We  then  obtain  two  integrals .  The  one  that  oorresponds  to 

L.(t)  -0  oan  be  estimated  as  3^.  The  second  integral  is  bounded  by 


i--- 
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oc 

j[G(8(t),t;  (,o)  +  a{s^(t).t;^,o)]  |f  (^)|d^ 

b 

<§Lyi_  ll^ll . 


Combining  those  last  estimates  uith  (3.25),  (3.24)  and  (3,23)  we 


got 

(3.36) 


l^2"l  i  i  +  (16  1  +6  )  ||vp|£ 


Combining  (3*26)  with  (3.22)  we  conclude  that 


(3.27)  I  Vgl  <  32  1^1  Jl^ll 


iss. 

ES 


To  estimate  wo  write  ^  where 

t 

Vj'  =2o(J  t^/®[G(s(t),t;8(T:),r)-3(8^j(t),t;e^(T),t  ^ 


dC 


'•  =  2>y  tV2a(,^(t).t;.^(r),T)[^- dr. 


To  estimate  V,'  consider  first  the  expression 


(3.28) 


1  (■o(t)-«o(T))“-(s(t)H 

P  »  1  -  exp  J  -  —2 - 2. 


I 


2 

> 

4{t-  D 


(D) 


i. 


The  braces  are  bounded  by 


+  |s(t)-s(T  )|j  <  St4gM.L  . 


9*  ... 


here  we  made  use  of  (3.15),  (3,16),  For  later  purposes  we  shall 
assume  that  (X  satisfies 


(3.30)  48  <i 

b 

Using  (3,29)  and  the  inequality  ^  <  2M  ^^Ie  then  conclude  that 


,3.511  |p|  < 


Substituting  (3,31)  into  V ^  •  i-fe  get 


^  3 

(3.32)  IVj'l  =2|o(.|  I  G(s(t),t;s(  r),r)|^)dT|< 


To  estimate  V***  we  first  note  that 


(3.33)  -  rTrT*  -  ^  • 


Substituting  (3,33)  into  V^’*  we  get 

(3.34)  |Vg"|  <  Ag  ^  . 

Combining  (3,34)  with  (3,32)  we  conclude  that 

(3.35)  IV3I  <  +  AgSS^  . 

b  b 

VJe  proceed  to  estimate  Vg.  VJe  x^rlte  Vg=  V^*  where 


43 


-2ol  f  rG(8(fe).t;s{T  ),  r)-G{s 


>0 


We  can  estimate  V,'  by  the  method  ue  used  to  estimate  Vj'*  tising 
(3.28),  (3.31)  we  got 


(5.36)  IVg'l  <  Aj  . 

D 


To  ostimate  Vg**  we  first  note  on  using  (3,13)  and  (3.35)  that 
(3.37)  lijH  -  I  i  Sf  +  16  T 


Substituting  (3.37)  In  Yg"  and  using  (3.3)  ve  obtain 


(3.3€)  (1  +  . 

1) 

Cortblning  (3.36)  with  (3.30)  and  using  (3.30)  we  get 


(3.39)  IVgl  <  Ag  ^  ^  S  . 

b 

To  astloMits  Vg  ws  writ# 

(3.40)  \  *  (l-Cl)  (Vg®  ♦  Vg*  +  Vg") 


» 


-44<- 


^ere 


V  * 
^6 


=  1 1^/2  2i|lz2iXi  G{s{t),t;s(t  ),r)(j(T)-7^(r)]  ^2 

•b  '  ^ 

=  jV/2  -■(t{:;m.f,t.'.*’:^'£!.j  al.(t),t,.(n.T> 


/ 

o 


~T75r  dr 


V  ” 
'^6 


z 

-I 


.1/2 


®«(t)-8^(r)  r 

-  |G{8(t),t;8(c),r).G(8j^(t),t;fl^(r),r 


V.  ( r ) 

-^dT. 


Using  (3,15)  we  easily  get 


To  estinate  Vg  «o  divide  it  into  two  Integrala 


(3.42) 


t  t/2  ,t 

'  =  /  =  /  *  J  =  »1  *  »2- 

b  b  t/2 


Using  (3 .16)  ws  get 


!  :  I  -  • 


(3.43)  IN^I  <  -JItj  if-ii!  f.  . 

Uslxsg  the  mean  value  theoren  and  (3«17)  ve  get 

(3.44)  |Hg|  <  1^1^  £  , 


•V  « 


“IS# 
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Gon4)ining  (3.44),  (3.43)  with  (3.42)  we  find  that 


(3.«,  . 

To  complete  the  estlioation  of  Vg  it  remains  to  estimate  Vg". 
Using  (3.15)  and  the  ineq\iallty  (3.31)  we  easily  find  that 


(3.46)  |Vg"|  <  238  1  .^..l f 4  . 

°  ^  b'’ 

Comblnins  (3.46),  (3.45),  (3,41)  uith  (3,40)  we  conclude  thet 

A 

(3.47)  |Vg|  <  r26  ^  +  240  (l-oi). 

It  finally  remains  to  estimate  V^.  Prom  the  similarity  betweer 
the  expressions  and  Vg  one  can  without  any  difficulty  derive  the 
following  inequality: 

(3.48)  |vj  <  Ag  . 

b 


CoiAlnlilg  (3.40),  (3.47),  (3.39),  (3.35),  (3.27),  (3.21)  with 
(3.20)  we  cet 


(1  +a) 
(3.49) 


4  (26 


IcA  IM 
1) 


4  19  ^  4  35 

240  120^  )  (l-»)  ♦  Afl/^ 
b^ 


where  K  is  an  appropriate  continuous  function  of  b,ci,  \\sp\\  if 
b  0  (note  that  M  is  a  fianction  of  b,  ||'p||,  by  (3,8)  ).  We 


4 
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reoall  that  in  proving  (3,49)  w«  asaumod  that(3(  satisfias  (3.30), 

3.3  Conclusion.  It  ranains  to  choosa  dL  in  such  a  vay  that 
(3.9)  and  (3.30)  uill  be  aatisi'lad  and  auoh  that  T  is  a  contraction, 
''a  remark  here  that  thcs  previous  estiraatea  are  not  very  sharp  and 
can  easily  be  improved.  Hottevery  ue  decided  to  sacrifice  a  precise 
evaluation  of  a  for  the  sake  of  simplicity  in  the  calculations. 
Proceeding  with  this  point  of  view  we  shall  now  prove  that  if 

(3.50) 

D 

then  T  maps  n  into  itself  and  is  a  contraction. 

Indeed  uain^  the  definition  of  M  in  (3,8)  we  easily  find  that 

and,  in  particular,  (3.30)  holds.  Using  (3,51)  and  (3 .50)  we  also 
find  that 

(3,52)  ILHlJiaL  < 

Thus  If  V  satisfies  (in  addition  to  (3.3),  (3.6),  (3.10)  ) 

then  ?  is  a  contraction. 

The  condition  (3.9)  for  some  tP<l  is  also  easily  verified  on  using 
the  first  and  last  Inequalities  of  (3.50), 

Having  proved  that  T  maps  into  itself  and  is  a 

contraction  wo  conclude  that  there  exists  a  function  v(t)  in  c  -  .. 

-  -  1/2  ^ 
such  that  V  =  f  vj  v(t)  =  t"^'^v(t)  is  than  a  solution  of  the 


integrsd  equation  (2.5), 
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♦ 


If  v^(t)  Sa  anothar  solution  of  the  integral  equation  (2.5) 
and  If  v^(t)  =  t^/^v^Ct)  satisfies 

(3.53)  lln  |▼^(t)|  <  M 

t-K)  ° 

then  ^^(t)  ^  v(t)  for  o  <  t  <  f  where  f  is  sufficiently  small. 

Using  the  definition  (3.6)  of  M  and  (1.9) ^  it  follows  that  if 

▼  (t)  is  such  that 
0 


(5.54. 

t**o  iq  '  b 

then  u^(x,t)  Hu(x,t),  s^(t)Hs(t)  for  o  <  t  <?  ,  where  s^ 
is  the  solution  of  (1.6)  -  (1.10)  corresponding  to  v^.  We  have 

thus  completed  the  discussion  of  the  existence  and  uniqueness  of 

* 

solutions  for  sbmlII  tiaie-lntervals . 


4,  Existence  and  ttiiaueness  for  Large  Time  Intervals 

As  i^lready  renarlced  In  2  the  method  used  in  Fart  I  to  prove 
existence  and  uniqueness  for  large  intervals  of  time  fails  in  the 
present  case  since  we  cannot  find  an  appropriate  a  priori  bound  on 
u^(Xjt)  as  in  Part  I.  l/e  shall  therefore  use  a  different  method 
based  on  the  inequalities  derived  in  ^  3  and  which  involves  an 
a  priori  bound  on  u(x9t)« 

We  first  discuss  the  problem  of  uniqueness.  Suppose  first 
that  y(b)  «  b  and  perform  integration  by  parts  on  the  third 
integral  on  the  right  side  of  (2.5),  We  easily  find  that  the  sum 
of  the  first  three  terms  on  the  right  side  of  (2,5)  is  equal  to 

(4.1)  «  ♦  2  (  0(«(fc)  .t;  ^  ,  0)  ^  ^  )  d  ^  . 

b 


Thus  the  right  side  of  (2,5)  includes  only  terms  which  behave 
regularly  at  t  =  o,  A  comparison  of  the  integral  equation  (2,5) 
with  the  corresponding  integral  equation  for  v(t)  in  Part  I  shows 
that  the  methods  and  results  of  Part  1^5  remain  valid  with  slight 
changes,  Kence,  there  exists  a  unique  solution  for  small  intervals 
of  time  provided  o(>-l.  By  a  solution  in  this  context  we  mean  that 
It  satisfies  the  system  of  equations  (1.6)  -  (1,10)  and  all  the 
regularity  properties  mentioned  in  ^1,  (thus,  8(t)  is  continuous 
at  t  =  o  and  u(x,t)  is  continuous  at  (b,o)). 

As  in  Part  I  vq  can  also  prove  that  the  uniqueness  of 
solutions  for  any  interval  of  time  follows  from  the  uniqueness  of 
solutions  for  srriall  intervals  of  times.  Thus,  if  'f  (b)  =  b  then 
there  exists  at  most  one  solution  (in  the  sense  of  ^1)  whereas 
if  f{h)  ^  b  and  two  solutions  coincide  for  some  t  *<1  >  o 
then  they  coincide  in  the  whole  t»interval  of  their  existence. 

We  proceed  to  discuss  the  question  of  existence  of  solutions 
for  large  intervals  of  time.  We  shall  need  a  certain  result  which 
we  state  as  a  lemma, 

Lemna  2,  If  N^(b)  =  b  and  v  (t)  aatisf las  v  =T  'v  for  o  <  t  <  (T  , 

v(t)  s  t  ^/^v(t)  satisfies  (2,5)  and  is  continuoua  for  o  <  t  <  f 

Proof.  As  was  proved  in  if  v^(t)  is  another  solution  of  (2,5) 
which  satisfies  (3.53),  then  v(t)  s  v^{t)  for  all  sufficiently 
small  t.  How,  as  was  mentioned  above,  if  -^(b)  =  b  there  exists 

a  solution  v^(t)  of  (2,5)  continuous  also  at  t  =  o  and  it 

0  * 

•Ttdantlj  satlaflca  (3«6a| ,  Hanoa,  for  ^  auffl'^ 
olajrtly  aBMll  ▼(»)  (o  <  t  <  (f ) .  Thla  provaa  the 
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contlnulty  of  v{t)  at  t  =  o  and  the  proof  of  the  lemma  is  thereby 
oonq>Iet4d, 

Suppose  now  that  we  have  constructed  a  solution  for  all 

o  <  t  <  and  assume  that 
—  o 

(4.2)  0  <  R  i^llm  8(t)  <  . 

t“*t  _ 
o 

Further  assume  (  coit^sare  with  (3,50))  that 

(4.3)  |u(x,t)|  < 

0 

(4.4)  L^l,  I'llm  iup  |u(x,t)|'|  ^  , 

Bn  w  t*^  t  _ 
o 

From  the  results  of  It  follows  that  there  exists  a  positive 
nuBA>er  $  Independent  of  such  that  we  can  construct  a  solution 

v(t)  to  the  integral  equation  v  =  T  v  defined  by  (3,1)  but  with 

♦  * 

Of  bf  Y*(  ^  )  replaced  by  T,  s(T)y  u(^  pT) ,  and  that  v(t)  exists 
for  T  <  t  <  T  (f  ,  Since  u(s(T),f)  =  8(7),  we  can  use  Lemma  2 
to  conclude  that  v(t)  =  (t-7)*^/^v(t)  is  continuous  at  t  =  7, 

Prom  the  uniqueness  results  proved  above  it  follows  (as  in  Part  I) 
that  the  v(t)  just  oonstruoted  coincides  with  the  v(t)  whose 
existence  was  originally  assumed  for  all  o  <  t  <  t^  in  their  common 
interval  of  existenoe.  Since  j*  is  independent  of  t^,  we  have  thus 
proved  that  the  solution  v(t)  (or  u(Xft)f  s(t))  can  be  continued 
above  t  to  the  interval  o<t<t  +5,a8  long  as  (4,2),  (4,3), 

(4.4)  ar*  ■atiaflad. 

If  oi  <  0  than  8(t)  inoraaaea  in  t.  Condition  (4.2)  than  meana 
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t;hat  (s(t)  reiTiains  bounded  for  bounded  times,  A  quantitative 
result  wtiich  includes  this  statement  xiill  be  proved  in  ^  5,  It 
“thus  remains  to  consider  the  conditions  (4.3)  >  (4,4). 

If  x  <  o  then,  by  the  maximum  principle. 


(4.5)  |u(x,t)|  <  max  (s(t),  ||^4?(|  )  . 

Substituting  (4,5)  into  (4,3),  (4,4)  and  noting  that  s(t)  >  b  x^re 
obtain  the  conditions 


(cl  I 


J2 


1 

ISO 


which  coincide  xilth  the  conditions  (3,50), 
If  C3(  >  0  ive  get  the  conditions 

(4.6)  R  >  200  a  max  (b,  ||n^||  ) 


(4.7)  >  150  cx,  mx  (b^  ||^||2  )  . 


Ve  have  thus  completed  the  proof  of  existence  and  uniqueness  of 

*■ 

SoluHons, 

RezMLTk.  Although  the  bounds  on  ol  can  bo  in^roved,  they  are 
already  quite  satisfactory  from  the  point  of  view  of  physics. 
Consider  for  illustration,  the  case  of  condensation  oc  <o  and  let 
Y'  ^  Then  (3,50)  reduces  to  |  U  f  <  1/200,  or  (using  the 
definition  of  o*. ) 

(4.0)  «o  ■  ®  5oo  • 

Take  the  case  of  water-steam.  Then  ^  =  1  and  if  the  ten|>erature  is 
below  140^0  then  g  <  1,960/10^,  Thus  (4,0)  roughly  states  that 
the  density  of  the  supersaturated  vapor  is  not  larger  than  two 


^  4> 
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and  a  half  tijios  the  sattaratlon  deasity  g.  If  ho^fever  this 
condition  is  violated  now  drops  will  be  created  too  fast  and  the 
system  (1.6)  -  (1,10)  might  not  represent  any  more  a  reasonable 
approximation  to  the  physical  situation. 


5.  An  a  Priori  Bound  on  s(t)  for  oC<  o. 

In  this  chapter  we  shall  complete  the  proof  of  Theorem  2  by 
proving  that  if  a  solution  u(x,t),  s(t)  is  defined  for  o  <  t  <  t^ 
then  there  exist  constants  A,  B  depending  only  on  b^  ||^||  such 
that  for  0  <  t  <  t^ 

(5.1)  .(t)  <  A  +  . 

Only  in  this  chapter  we  make  use  of  the  assumption  that 

(5.2)  J|>^(x)  j  dx  is  finite. 

b 


We  first  remark  that  for  every  t  <  t^ 

(6,3)  lim  sup  |u^(x,t)  I  <  S  ||>p||  . 

This  follows  by  differentiating  (2,2)  with  respect  to  x  and  then 


carrying  out  integration  by  parts  in  the  second  integral. 

If  %je  intagrate  the  heat  equation  (1,6)  over  the  domain 
»(  D  <  ?  <  K,  o  <  r  <  t  and  make  use  of  (1,0),  (1.9),  we  get 


t 

Ju,(K,r)  dT-5^  .®(t)  . 

0 


dx 


(6.4) 


t 

■»  J  •(D  i(r)  dr 

0 


«r 


-52- 


We  proceed  to  estimate 

K 

(5.5)  I  -  J  I u(x, t) I  dx 

3(t)+H 


(H  =  H 

o 


where  H  is  a  constant  to  be  determined  later.  Using  the  integral 
o 

representation  (2.2)  of  u(x,t)  with  replaced  according  to  (1,9) 
and  noting  that  8(t)  >  a(  t  ) ,  x  -  s(r  )  >  x  -  s(t)  >  H,  we  get 


(5,6) 


<x> 


*/ 

8(t)+H  o 


(t-T) 


17? 


exp 


* 


OC  . 

f  1/ 

J  .  %  _  ^ 


s(t)+H  0  (t-r) 


8^(  I  )  dX  I  dx 

4 

1=1 

where  denotes  the  i-th  term  on  the  right  side  of  (5.6),  In 
what  follows  we  shall  denote  by  appropriate  positive  constants 
depending  on  b,  ol  axwi  >^(x) , 


f. 


•  1 

♦ 


/t 


I  I 
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Substituting  P=  |x-^  in  the  interior  integral  of 

and  using  (5,1)  we  get 
(5.7)  • 

To  estimate  Mg  \ie  substitute  x  -  8(t)  and  note  that 
>  H,  Ue  obtain 

•r  t  „  2 


^  i  “«<=)  I  [j  ^  «*p[  -  ^^)jj 

f  °  )  ct  / 

sr  JT  , 


1/ 


<  Og«(t)  j  t  exp 


oo 

/' 


Substituting  and  noting  that  we  get,  on 

taking  >  1, 


(5.8)  Mg  <  s(t)  t^/^  * 


dr<  C^t^/^s(t) 


In  a  similar  way  we  get 
(5.9)  <  V* 

To  estimate  we  first  perfonii  integration  by  parts  and 
thus  obtain 

oo 


M4  <  CgS^(t) 


/ 


5  «q> 


dx  +  C, 


Substituting  x«s(t)  we  get 


Mg  <  V  j  t  exp 


♦  c, 


7  . 


t 
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Substituting  y  =  and  taking  K  to  be  such  that 


/ 

.c>o 


(5.10) 


'8 


f  ^  exp|  -  dy  <  ^  -  4 


we  got 

(6.11)  M4  <  (^1^  -  -|-)  +  C^. 


i 

<! 


I 


Combining  (5.11),  (£.9),  (5.8),  (5.7)  with  (5.6),  we  get 

(5.12)  2lT^^^  1  <  Cq  +  Cgt  +  C^t^/^3(t)  +  (  )  8^(t) 

We  now  note  that  by  the  maximum  principle  |u(x,t)|  < 

I/O 

(5.13)  (  |u(x,t)|dx  <  Hg||spl|t^'^  +  H^t  8(t). 

a(t) 

The  inequalities  (5.12),  (6.13)  give  the  desired  estimate 
on  the  first  Integral  on  the  right  side  of  (5.4),  The  second 
integral  on  the  rl^it  side  of  (5,4)  is  equal  to 

^  8®(t)  -  . 

Using  these  results  in  (5.4)^  than  talcing  K  -♦“^and  using  (5.3) 
ws  get  the  inequality 

(5.14)  s®(t)  <  C^Q  +  C^^t  +  8(t) 

from  which  (5.1)  follows. 

Rsaark.  Prom  the  above  proof  it  follows  that  A,  B  depend  only 

<■  *  • 

on  b,  cA  ,  ||>p||,  !l>fl|  Mid  the  integral  (6.2), 


# 


Formula  (5,1)  is  physloallj  quita  satisfactory  sinoa  it  vaa 

axparlaantally  rariflad  that  a(t)8(t)  approxliaatas  a  fixad  nun^ar 
for  larga  tijasa. 


Thaoraa  2  can  ba  ^anaraXiaad  to  aaconi  ordar 
parabolic  aquations  with  aiacoth  eoaffioianta  aa  in  Part  I.  It 
can  also  ba  ganaralisad  to  ayataas  with  (1.8)  raplaoad  by  a  wra 
ganaral  aquation  of  tha  fora  u(a(t)tt)  *  h(a(t))  vhara  h  ia  a 
giran  funotion  satisfying  appropriata  eonditiona* 
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tw^  _ gl«»03.tttlon  Qt  0««  Bubble  In  Lieu  Id 

We  ahell  denote  every  formula  (n*m)  of  Part  II  by  Il(n.m)* 

I«t  8{t)  be  the  radlua  of  a  gaa  bubble  submerged  in  a  liquid 
and  let  c(x,t)  denote  the  oonoentratlon  of  the  gas  dissolved  in 
the  liquid^  shere  x  la  ths  distance  from  the  center  of  the  drop. 

If  the  effects  of  the  aurfaoe  tension  are  taken  into  consideration 
and  If  the  concentration  of  the  gas  on  the  boundary  of  the 
bubble  Is  1  (which  we  may  assume)  then  8(t)  and  u(x,t)  e  xe(x,t) 
aatUfy  the  following  system  of  equations  (compare  [l8j)« 

«xx*  “t  8(t)  <  X  <  co  ,  t>o 

u(x,o)  for  *>s(o)  ■  b  (b>o) 

'i(*(t),t)  ■  (l-k)s(t)4-kb  for  t>o 

au,(.(t),t)  .  (s(t)emb)  Ht)  ♦  ob(iglL.  + 

Here  m,a  are  constants  and  k>p,  m>  o,  o>-l,  and  ^(x)/b  la  the 
given  concentration  of  the  gas  at  t-o,  Por  sljH>llclty  we  shall 
assume  In  the  proof  of  Theorem  3  below  that  1^*  1,  however  all  the 
eonslderatlons  remain  true  fer  any  k,  Tha  system  (1,1)  -  (1,#) 
reduces  to  the  system  11(1,6)  -  11(1,9)  If  k^-o.  Beside  the 


i. 


(1.1) 

(1.2) 

(1.3) 

(1.4) 


10 


•yatam  wa  shall  make  the  following  condition  on  u: 

u(x.t)  and  u«,(x.t)  ranaln  bounded  aa  uniformly 

(t.6)  * 

with  raapaet  to  t  in  finite  intervale • 

We  ahall  aay  that  uCx^t)^  s(t)  form  a  solution  to  the 
system  (X*l)*(lt5)  ^  they  satisfy  these  equations  and  if,  in 
addltlonf  they  satisfy  the  regularity  properties  sMntloned  in 
tte  (toflaltloa  of  II  ^1. 


Iffrft  T  M  condition  11(f). 

(1)  '^(to)  ■  b  a  tatUftob  (S.33>  i^go  P  Is  «  oortoln 


g»  ko.Bo  kg*  ■<  >0' 

■olutlon  \x(x,t),  tit)  to  tho  »T»f  m  (1.1  - 


(l*f)  atflnod  to  man  Infrtral  o<  t  <f  for  which  R  >  •(«)  satUflogi 
(2.32) . 


R.1)  If  y(b)  *  b  tlion  tt»  oboo  xuortloo  about  exiof  neo  otill 
B»  ooltttloD  to  dof  mlnod  oatOMolr  br  tho  addltiopol 
boBdltton  (2*35). 

jjlUmll*  P  oaa  bo  tokon  Indopoiadoatly  of  k.a  for  noil  k.io  (for 
iMtOMo  k  2  1.  o  <  1)  ond  tbok  It  lo  of  ordor  of  ■ognitude  of 
o  foo  huBdroda. 


With  0  doflaod  by  11(2.1)  n  hooo  tho  following  roproaontotlon 
for  ut 
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u(x,t)  =  )  CJ(x,t;  ?  ,  o)^5  (  ?  ) 


d? 


(2.1) 


-  y  G^.  (x,t;  8(t),C)  [(l-k)s{r)  +  dr 


-/ 


Q  (x,t;  s(I),r)  (8(r),t)  dT, 


Define 


(2,3)  v(t)  =  (8(t),t) . 

we  differentiate  the  second  term  on  the  right  side  of  (8,1) 
with  respect  to  x,  we  get 

-  /  •(r),T)  f^(i-k)8(r)  +  ktj  dr 

=j  [-^o(x,t}  8(r),t)J  [(i-k)8(r)  +  kb)  dr 


(2.4) 


-/ 0^  (x,t;  8(r),r)  Q(i-k)  8(T)  +  k^  3(1)  dT 

=  -ba(x,t5b,o)-(l-k)  J  0(x,t;  8CC)»  D  8(r)dr 

o 

p  r  -  T  • 

+  j  Gjj  (x.tj  8(r ).  r)  [(1-k)  8(  c )  +  kbj  8  (D  dr. 


I>lfferentlatlng  (2,1)  with  respect  to  x^  usin^^  (2,4)  and  (1.4), 
then  letting  x  8(t)  '*'0  and  using  Lemma  1,  we  get 


✓  » 
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t><> 

^  v{t)  =  j  0^  (a(t),  t;  ^  ,  o)f)  (  S  )  d  ^  -  b0(8(t)  ,t;b,o) 

t  ^ 

-d-k)  f  a(s(t),t;8{t:  ),  T) 

0 

■*■  *1^  0 

(2.5) - 1-  [{l-k)«(t)+kj  [ifife  "  ifiTO  aferil 

t 

+  / o,(.(t).t,-(r).r)  [(i-k)«(c)H^#iir  -  «r^ 

1  p 

dr- j  0^  (aCt),  t;  .(T  ),r)  ▼(  1)  dl 

o 

« 

Wid  i(t)  la  dafintd  by  (1,4)  with  u^(a(t),t)  replaced  by  v(t) 
and  a(o)  -  b, 

Converaely  one  can  show  that  if  aCt)  la  defined  by  (1,4)  with 
Y  and  a(o)  =  b  and  If  v(t)  (o<t<d')  la  a  ecntlnnoua  aolutlon 
of  (S,5)  and  lln  t^^^TCt)  exlata  (aa  t  o) ,  then  the  u(x,t) 
defined  by  (2,1)  with  replaced  by  ▼  foraa  together  with  fl(t) 
a  aolutlon  to  the  ayatem  (1,1)  -  (1,5),  It  thua  remlna  to 
^onaider  the  Integral  equation  (2,5), 

Denoting  the  right  aide  of  (2,6)  toy  1/2  Tv  we  conclude  that 
V  la  a  fixed  point  of  the  tranaforaatlon  w  =  Tv,  Defining 

v(t)  r  t^/^v(t)  ,  w  (t)  =  t^^w(t) 
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thia  transformation  takes  the  form  w  »  Tv.  Wo  want  to  apply  the 
methods  of  Part  II  to  the  present  case.  To  do  that,  we  have  to 
prove  some  inequalities  on  a(t).  We  state  them  In  a  few  lemmas. 

The  first  lemma  is  an  analogue  to  the  Inequality  II  (3»4) 
which  holds  '"or  all  <f  satisfying  11(3.3). 


Lemma  3.  Assume  that  1 1  vj  |  =  l.u.b.|7(t) |:^  aafij^t  8(t )  ^ 
■  o<t<d' 

defined  by  (1.4.)  with  u^^av  and  bTo)^^  satisf lea 


(2.6) 

then 

(2.7) 


1/2  b‘ 

4|al<y+  4|a|M<f  T 


\  i  «(^)  5  ?2.r  o<t<cr. 


Proof .  Introducing  the  functions 


(2.8)  i(t)  -  s(t)  -Hnb  ,  y(t)  *  r*(t)j2, 

(1,4)  (with  Ujjbv)  and  the  condition  8(o)  ■  b  reduce  to 


y(t)  + - 375 -  ■  ▼(t)  -2a(l-k), 

(y(t))  '  -mb  t 

(2.9) 

y(o)  ■  (1-Mn)^b2, 

A  tkiique  solution  exists  for  all  t  (o<t<c)  as  long  as 
(y(t))^'^^-mb  remains  positive.  For  v,;>o  sufficiently  small  we 


have 


(2.10)  I  <  (y(t))l/2 


Denoting 
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mb  < 

"  2 


if  o<t<  £ . 


(2.11) 


A(t) 


2akb 

(y(t))^/2. 


we  then  have 


(2.12)  |;\(t)|<  4|o|k  . 

Intagrating  both  sldea  of  (2.9)  and  uatng  (2,12)  wa  got 

(2.13)  |y(t)  -  (1-hb)Vj<  4|o|t  +4101  Mt^/^  ^ 

It  follows^  on  uiing  (2.10)^  that 


f  ♦ 

t 


(2,14)  |(y(t)) 


1/2 


(l-Hn)bi 


(y(t))^/2+(l+m)b 


<  Jlj_  (4l«|t+4|o|««t^/^)  <  -j- 


(2.15)  4|a|£  ♦  4I«|X£ 


We  have  thua  proved  that  (2*10)  in^llee 


'»•“>  I  <  ii 


If  0<t<  £ 


provided  f  eatleflei  (2«l5),  A  elaple  argument  about  continuation 
now  ehowa  that  (2»16)  reiaalna  valid  for  all  o<t<C  if  ^  aatiaflea 


f 
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t 


(2,6)  Using  the  definitions  (2,D)  the  proof  of  the  lemma  is 
conflated. 

The  next  leiTiraa  establishes  an  inequality  analogous  to 
11(3.5), 

Lewraa  4>  Asauwe  that  ||  t  ||  <  M  and  let  s(t)  be  defined  by  (1.4) 
with  replaced  by  v  and  s(o)  =  b,  ^  satisfies  (2,6)  and  if 

(2.17)  M 
then 

(2.18)  |8(t)-8(t)|  <  (t-T)  for  0<T:<t<  (T'  . 

Proof.  Using  (1,4)  we  have 


^  ‘igiiHj - 

)  ;^'^{a(;{)+ab) 


r 

Using  Leima  3  we  get 


|8(t)-8(r)|  <  (t-D  +  (t -D  <  , 

t  '  b  t  '  b 

where  we  made  use  of  (2,17), 

With  the  aid  of  Lemmas  3,  4  we  can  proceed  to  prove  that  for 
* 

801M  a"  ,  M  T  maps  „  into  It.elf .  Th«  final  inequality  is 

(2.19)  ||w||<-TO+  2||-^'||+  4h|+2|ct|M+  12(l+2|c(|  )-l2jl^_f 

fi'  ^  b 


/ 

/ 


a* 


/-'I 


✓  ♦ 
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where  3  is  an  appropriate  function  depondin^^  only  on  tX ,  II,  b 
(b  o) , 

V/e  next  turn  to  the  proo)?  that  T  ia  a  contraction.  The  method 
of  Part  II  can  be  a->plied  if  we  prove  appropriate  analogues  of  the 
inequalities  11(3,16),  11(3,17).  l;e  shall  first  prove  an  analo^jUa 
of  11(3.16), 

IsxmA  5^  Assume  that  S  satisfies  (2,6),  (2,17)  and  that 


(2.20) 


1 


e 


If  »(t),  ar,  »olutlfltu  of  {X.4)  ulth  'iw=a»  raa-oectlvalv 

and  8(o)=  8jjlo)=b  and  If  ||  v  -  v^|i  =  t>  then 


(2.21)  |8(t)  -  8^(t)|  <  l2i|Ij.tV2  ^ 

Proof ,  Using  the  notation  (2,8)  and  defining 

(2.22)  fy  (t)  y{t)  -  7^(1) 

« 

where  y^,  correspond  (vU  (2.0))  to  8^,  iie  obtain, 
by  (2.0), 

.  (8.23)  (t)  +^(t)r^(t)  =^']^[v(t)  “  ▼o(t)J  ,  >^(o)=o 

whera 

^  (t)  = -2elkb|[ (y(t))^/*-iab]  ijy^jlt) )^/^-nibJ 

5(To(t))^/’^  +  (y(t))^/yj‘^  . 


II 
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Integrating  (2,23)  and  using  the  inequality  (see  (2,10)) 

(2.25)  l>//(t)|  < 

>  b 

ue  get 

(2.26)  |r^^(t)|  <  4|o(|  £  exp  1 16  <  12M1£  , 

uhere  we  made  use  of  the  inequalities  (2,20)  and  |o(|  <1.  Using 
the  definitions  (2,22),  (2,3)  and  using  (2,2G),  (2,10)  we  find 


that 


|s(t)-'S  (t)|  =  (z(t)-z.(t)|  = 


{y(t))^/"+(y^(t)) 


and  the  proof  of  the  lemma  is  console  tod, 

'we  proceed  to  prove  an  analogue  of  11(3,17),  In  what  follows 
w  shall  need  the  inequality 

(2.27)  |i(t)|  <  SiaiiL 

which  follows  from  (2,18)  on  taking 


Lemna  6,  Uhder  the  assi 
holds : 


(2.28)  |s(t)-i  (t)|  <  2( 


of  Lenma  5  the 


Mi 


Proof,  I?rom  the  proof  of  Lemma  5  we  get 


ly(t)-y5,{t)|  <  |y(t)-y^(t)|  +  |v(t)-v^(t)| 

(2.29)  <  12|c(|£  t^/2  +  ; 


E? 
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in  th«  last  Inequality  we  made  use  of  (2.20)  and  the  inequality 
Kll  1*  (2,8)  we  conclude  from  (2,29)  that 


(2.30)  |(8(t)+mb)  a(t)  -  (a^(t)'**nb)s^(t) |  < 

Vie  next  find  on  using  Iianma  5  and  (2,27)  that 
|(s(t)+rtb)  s(t)  -  (s  (t)+«b)  s(t))  =  |8(t)|  |8(t)-8  (t)| 

*  Q  V 

(2.31) 

< 

in  the  last  inequality  we  made  use  of  (2.6), 

Coinblning  (2,30)  with  (2.31)  and  using  Lema  3  we  get 


<  20 


and  the  proof  of  the  leans  is  oonpleted. 

With  the  aid  of  Leiaaas  3-6  we  can  now  use  the  sethod  of 
Part  II  to  prove  that  ¥  is  a  contraction#  and  that  the  (unique) 
solution  can  be  continued  as  long  as  R  s  s(t)  satisfies 


(2.52)  R®  >  /fch|  tmx  (b®,  ||>(,||*)  » 

provided  <1  satisfies: 

(2.55)  Wl  <1  ‘  Ml  1^®<1  , 

where ^  is  a  constant  depending  on  k^#  where  kx  ^or 

reasonably  small  k,  a  (such  as  k  <  1,  m  <  1)  ^  is  of  order  of 
magnitude  of  a  few  hundreds.  We  can  also  prove  by  the  method  of 
Part  II  that 


(A>0,  B>0) 


(2.34) 


8(t)  <  A  +  Bt 


•' 


He  finally  remark  that  in  case  (b)  f  b  the  condition 


(2.35)  lim  s(t)|  <  A|o(|  — (A>0) 
t-O 

iiniqueness,  as  in  Part  TI*  Here  A  Is  an  appropriate 

,  *  4 

constant  depending  on  where  k  <  m  <  , 

Remark.  Theorem  3  can  be  generalized  to  general  parabolic 
aquations  with  smooth  coefficients.  Furthermore,  it  can  be 
extended  to  more  general  boundary  conditions  than  (1*4)  for  which 
Xennas  analogous  to  lemmas  3-6  can  be  proved.  The  boundary 
condition  (1.3)  cari  also  be  replaced  by  more  general  boundary 
conditions  of  the  form  u(s(t),t)  =  h(s(t),b,k)  where  h  is  a 
given  function. 
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